Introduction
Heavy quarkonium states below threshold can be studied in a model independent way using pNRQCD [1] (for some reviews see Refs. [2, 3] ). pNRQCD is an effective field theory directly derived from QCD. It efficiently disentangles the dynamics of the heavy quarks from the dynamics of the light degrees of freedom. It profits from the fact that the dynamics of the bound state system is characterized by, at least, three widely separated scales: hard (the mass m of the heavy quarks), soft (the relative momentum | p| ∼ mv ≪ m of the heavy-quark-antiquark pair in the center-of-mass frame), and ultrasoft (the typical kinetic energy E ∼ mv 2 of the heavy quark in the bound state system).
The specific construction details of pNRQCD are slightly different depending on the relative size between the soft and the Λ QCD scale. Two main situations are distinguished, namely, the weak-coupling [1, 4] (mv ≫ Λ QCD ) and the strong-coupling [5] (mv ≃ Λ QCD ) versions of pNRQCD. One major difference between them is that in the former the potential can be computed in perturbation theory unlike in the latter.
In Ref. [6] the allowed (n = n ′ ) and hindered (n = n ′ ) magnetic dipole (M1) transitions between low-lying heavy quarkonium states were studied with pNRQCD in the strict weak-coupling limit. The authors of that work also performed a detailed comparison of the effective field theory and potential model (see Refs. [7, 8] for some reviews) results. The transitions considered were the following:
Large errors were assigned to the pure ground state observables, especially for charmonium, whereas disagreement with experimental bounds (at that time) was found for the hindered transition
The perturbative expansion in the weak coupling version of pNRQCD was rearranged in Ref. [9] to improve its convergence. In this new expansion scheme the static potential (approximated by a polynomial of order N + 1 in powers of α s ) was exactly included in the leading order Hamiltonian (
, and
Thus, the natural expansion parameter, α V (N) ∼ v is used. We expect (and find) convergence in N. In order to be so, one has to carefully implement the renormalon cancellation order by order in α s . This is particularly important if one tries to resum the soft logarithms in V (N ) (r) setting ν = 1/r. This typically accelerates the convergence and makes the residual scale dependence smaller. We refer to [9, 10] for details. The relativistic corrections are suppressed by powers of v ≡ p 2 /m 2 . They depend on N, but the dependence is much smaller than their typical size, allowing a meaningful determination of them.
In Ref. [10] this improved expansion scheme was applied to the M1 radiative transitions. The precision reached was k
for the allowed and forbidden transitions respectively, where k γ is the photon energy. Large hard logarithms (associated with the heavy quark mass) were also resummed. The effect of the new power counting was large and the exact treatment of the soft logarithms of the static potential made the factorization scale dependence much smaller. The convergence for the bb ground state was quite good. This allowed giving a solid prediction for the Υ(1S) → η b (1S) γ transition with small errors. The convergence was also quite reasonable for the cc ground state and the bb 1P state. For all of them solid predictions were also obtained. For the J/ψ(1S) → η c (1S) γ transition the central value was significantly different from the one obtained in Ref. [6] , though perfectly compatible within errors. For the 2S decays the situation was less conclusive. Whereas for the Υ(2S) → η b (2S) γ decay there was not convergence, the previous disagreement with experiment for the hindered transition Υ(2S) → η b (1S) γ faded away with the new expansion scheme.
Theoretical expressions for the E1 transitions of heavy quarkonium in pNRQCD have been obtained in [11] both in the weak and strong coupling limit. A phenomenological analysis of these results was done in [12] . Unlike for the M1 transitions, in the weak coupling limit the first non-perturbative effects enter at O(v 2 ) due to octet effects. For the strong coupling limit the result depends on wave functions and expectation values of operators obtained with non-perturbative potentials. In both cases, the treatment of the non-perturbative effects introduces larger uncertanties than for the M1 transitions.
M1 transitions
The allowed M1 radiative transitions depend on p 2 nl and, at higher orders, on other expectation values such as r 2 nl . Studying them gives a hint of the applicability of the weak-coupling version of pNRQCD to those states, and a very nice check of the renormalon dominance picture. The matrix elements p 2 nl and r 2 nl of the charmonium ground state and of the n = 1, 2 bottomonium states were computed in [10] .
The electromagnetic radius was nicely convergent in all cases. Therefore, one can talk of the typical (electromagnetic) radius of these bound states. We illustrate this behavior for the radius of bottomonium ground state in Fig. 1 . The kinetic energy is also (though typically less than the radius) convergent, except for the 2S state. Then, one can also define a v 
Figure 1: Plot of r 2 10 of the bottomonium ground state using the static potential
RS ′ at different orders in perturbation theory: N = 0, 1, 2, 3. In Ref. [10] the following expressions were used for the allowed transitions
where
and the anomalous magnetic moment of the heavy quark reads
Note that the use of the effective field theory makes evident that the anomalous magnetic moment κ = c em F − 1 does not have nonperturbative effects. The modification with respect the expressions deduced in [6] was that the matrix elements were computed using the exact solution of Eq. (1), the use of κ to O(α 2 s ), and the explicit implementation of the renormalon cancellation (in particular this is important to get a convergent expansion in κ). Eq. (3) was applied to the bottomonium and charmonium ground states. In Table  2 we show the size of the leading and subleading contributions to the decays, as well as some error estimates. This gives a flavour of the convergence of the velocity and α s expansion. A detailed analysis can be found in Ref. [10] . Out of this the following predictions were obtained for the decays of the bottomonium and charmonium ground states: 
which after combining the errors in quadrature reads Γ Υ(1S)→η b (1S)γ = 15.18(51) eV ; 
which, after combining the errors in quadrature, reads Γ J/ψ(1S)→ηc(1S)γ = 2.12(40) keV .
In Ref.
[10] the following expressions were used for the hindered transitions
and D
depends on the NRQCD Wilson coefficients. With LL accuracy they read
The modification with respect the expressions deduced in [6] was that the matrix elements were computed using the exact solution of Eq. (1), the resummation of the hard logarithms in V S 2 , and the implementation of the renormalon cancellation when necessary.
E1 transitions
In Ref. [11] theoretical expressions for the E1 transitions were obtained both in the weak and strong coupling version of pNRQCD, which can be summarized in the following expression where
R contains all the wave-function corrections due to higher-order potentials, the relativistic correction of the kinetic energy, −p 4 /4m 3 , and higher-order Fock state contributions due to intermediate color-octet states (we refer to [11] for detailed expressions). In contrast to M1 transitions the latter ones do not vanish for E1 decays. Eq. (15) (without color-octet contributions in R) is also valid in the strongly coupled regime. The expressions obtained with potential models in [13] miss the color-octet contributions in the weak-coupling regime and the contributions coming from the 1/m potential at strong coupling. Without much effort one can extend the discussion to other processes like n 1 P 1 → n ′1 S 0 γ and n 3 S 1 → n ′3 P J γ, also for transitions between states with the same principal quantum number, where corrections ∼ k γ are suppressed.
Conclusions
We have reviewed recent model independent determinations of heavy quarkonium radiative transitions in pNRQCD. For the magnetic dipole transitions the precision reached was k
for the allowed and forbidden transitions, respectively. Large logarithms associated with the heavy quark mass scale were also resummed. The effect of the improved power counting was found to be large, and the exact treatment of the soft logarithms of the static potential made the factorization scale dependence much smaller. The convergence for the bb ground state was quite good, and also quite reasonable for the cc ground state and the bb 1P state. For all of them solid predictions were given, which we summarize here [10] :
For the 2S decays the situation is less conclusive. The O(v 2 ) correction of the Υ(2S) → η b (2S) γ decay suffered from a bad convergence in N, producing relatively large errors for the prediction. Some of the O(v 2 ) matrix elements of the η b (2S) → Υ(1S) γ decay also suffered from this bad convergence. This impedes giving a reliable error estimate for this transition, as such terms correspond to the leading (and only known so far) order expression (moreover, they should be squared in the decay). The situation is completely different for the Υ(2S) → η b (1S) γ transition. The reason is that the problematic O(v 2 ) matrix elements appear in a different combination for this decay, so that they cancel to a large extent. This led to a nicely convergent sequence in N (as we illustrate in Fig. 2) , where the resummation of the hard logarithms played an important role. The final figure was [10] Γ (th)
This number is perfectly consistent with existing data, so that the previous disagreement with experiment for the Υ(2S) → η b (1S) γ decay fades away. For the M1 transitions of the low lying heavy quarkonium states discussed above a pure weak coupling analysis was suitable and nonperturbative effects subleading. This is not so for the E1 transitions. Non-perturbative effects start to appear at O(v 2 ) in the weak coupling version of pNRQCD. For the strong coupling limit the result depends on wave functions and expectation values of operators obtained with non-perturbative potentials. These non-perturbative effects may introduce large uncertanties to phenomenological applications of Eq. (15) Table 3 : E1 decay rates for bottomonium. pNRQCD results compared to a potential model calculation [13] and and the current PDG values [14] . LO denotes the result obtained without relativistic corrections, NLO indicates the result up to O(v 2 ) neglecting color-octet effects in the weak-coupling regime and non-perturbative contributions to V (2) r . The error estimates give the generic size of one O(v 2 ) correction as well as an estimate for the sum of all corrections at O(v 3 ). From [12] .
of them. Nevertheless, in the mean time, there have been some preliminary phenomenological analysis [12] neglecting octet effects, and using some parameterizations of the potentials aiming to merge perturbation theory at short distances with (when possible) string models at long distances. The results are very encouraging getting good agreement with experiment when applied to a large variety of decays (see Tables  3 and 4 Table 4 : E1 decay rates for charmonium. pNRQCD results at LO, NLO (including error estimate) compared to a potential model calculation [13] and the current PDG values [14] . From [12] .
